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Introduction
Regularity Theory

Preliminaries
Elliptic Equations

Properties of Heisenberg Group

Hn ∼= R2n+1, x = (x1, . . . , x2n, t), y = (y1, . . . , y2n, s) ∈ Hn

the group law :

x ∗ y =

(
x1 + y1, . . . , x2n + y2n, t + s +

1

2

n∑
i=1

(xiyn+i − xn+iyi )

)

For 1 ≤ i ≤ n, the Horizontal vector fields are given by

Xi := ∂xi −
xn+i

2
∂t , Xn+i := ∂xn+i +

xi
2
∂t ,

The only non zero commutator T := ∂t = XiXn+i − Xn+iXi is
called the vertical vector field.

The horizontal gradient : ∇Hu = (X1u, . . . ,X2nu) and the
horizontal Hessian : D 2

Hu = (XiXju)i ,j for u ∈ C 2.

Haar Measure of Hn : Lebesgue measure of R2n+1.
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Carnot-Carathèodory distance : length of the shortest
horizontal curve, equivalent to the the Korànyi metric given by

d(x , 0) ∼= ‖x‖Hn =
(
x2

1 + . . . x2
2n + |t|

) 1
2

and d(x , y) = d(y−1 ∗ x , 0) for all x , y ∈ Hn.

Hausdorff dimension of (Hn, d) : dimH(Hn) = Q := 2n + 2
w.r.t. this metric. Given any Korànyi ball B(x , r) we have

|B(x , r)| = crQ

Sobolev embedding : For Ω ⊂ Hn, horizontal Sobolev spaces
are defined as HW 1,p(Ω) := {u ∈ Lp(Ω) | ∇Hu ∈ Lp(Ω,R2n)}.
For all u ∈ HW 1,q

0 (Br ), there exists c = c(n, q) > 0 such that(∫
Br

|u|
Qq

Q−q dx

)Q−q
Qq

≤ c

(∫
Br

|∇Hu|
q dx

) 1
q

,

given any Korànyi ball Br ⊂ Hn and 1 < q < Q.
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Quasilinear Equations of divergence form

Given Ω ⊂ Hn and A : Ω×R×R2n → R2n,B : Ω×R×R2n → R,
we consider the following equation

− divH A(x , u,∇Hu) + B(x , u,∇Hu) = 0 in Ω

Regularity of horizontal gradient can be established by standard
Morrey-Campanato type perterbation argument. Taking B = 0
without loss of generality, this involves freezing the coefficients as
A(∇Hu) = A(x0, u(x0),∇Hu). This leads one to consider the
following Dirichlet problem{

− divH(A(∇Hu)) = 0 in Ω;

u = φ in ∂Ω,
(1)

for some given φ : Ω→ R. In addition, we also assume the
2n × 2n Jacobian DA(z) = (∂Ai (z)/∂zj)ij to be symmetric .
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Isotropic growth condition

Structure condition

Given g : C 1[0,∞) satisfying g(0) = 0 and δ ≤ tg ′(t)/g(t) ≤ g0

|ξ|2g(|z |)/|z | ≤ 〈DA(z) ξ, ξ 〉 ≤ Λ |ξ|2g(|z |)/|z |
|A(z)| ≤ Λ g(|z |)

for every z , ξ ∈ R2n, where Λ > 1 and g0 > δ ≥ 0.

Taking G (t) =
∫ t

0 g(s) ds, the model example is the minimization
of the variational integral I (u) =

∫
Ω G (|∇Hu|) dx , which leads to

− divH

[
g(|∇Hu|)

∇Hu

|∇Hu|

]
= 0

In particular, G (t) = tp clearly, imples the sub p-laplace equation.
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Existence theory

Monotonicity and Ellipticity : 〈A(z), z 〉 ≥ 1
g0
G (|z |).

Existence of weak solution in Horizontal Orlicz-Sobolev space
HW 1,G (Ω) = {u ∈ LG (Ω) | ∇Hu ∈ LG (Ω,R2n)}, using
variational inequalitites of Kinderlehrer-Stampachhia.
Comparison principle : u and v respectively are weak super
and subsolution, if u ≥ v in ∂Ω then u ≥ v a.e. in Ω.

Theorem

Given a uniformly convex domain D ⊂ R2n+1 and φ ∈ C 2(D̄), if
u ∈ HW 1,G (D) is the weak solution of the Dirichlet problem{

divH(A(∇Hu)) = 0 in D;

u − φ ∈ HW 1,G
0 (D).

then ‖∇Hu‖L∞(D) ≤ M(n, ε,maxD̄(|∇φ|+ |D2φ|), diam(D)).
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Sketch of proof

The uniform convexity of the domain D, implies if ν(y) is the unit
normal for every y ∈ ∂D, then 〈 x − y , ν(y) 〉 ≥ c |x − y |2 for all
x ∈ D. This allows one to construct Γ0,1 barrier functions

L±(x) = φ(y) + 〈∇φ(y)± Kν(y), x − y 〉

for a fixed y ∈ ∂D and large enough K depending on supremum of
|∇φ|+ |D2φ| in D̄. These are, in fact, solutions of equation (1), as

D 2
HL
± =

1

2

[
∂tφ(y)± Kνt(y)

]( 0 In
−In 0

)
since the Jacobian is symmetric . Hence L−(x) ≤ u(x) ≤ L+(x)
from comparison principle and the proof is finished by employing
the maximum principle of differential ratio by Haar-Rado.
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Lieberman (93): quasilinear equations of g(t)/t - growth.
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Hörmander (67): Sub-Laplace equation.

Capogna (97, 99): Uniformly sub-elliptic equation.

Capogna, Danielli and Garofalo (93): Sub p-laplace euqations,
C 0,α-regularity w.r.t. dcc .

Zhong (preprint 08): Sub p-laplace euqations, C 0,1 w.r.t. dcc
for 1 < p <∞, C 0,α of horizontal gradient for p > 2.

Shirsho Mukherjee Regularity of Quasilieaner equations in the Heisenberg Group



Introduction
Regularity Theory

Previous Results
Regularity of horizontal gradient

Previous Results

C 1,α regularity in Rn :

Ural’tseva (68), Evans (81): p-laplace equations, p > 2.

DiBenedetto (82), Tolksdorf (82), Lewis (83): 1 < p <∞.

Lieberman (93): quasilinear equations of g(t)/t - growth.

Regularity in Hn :
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Theorem (Zhong, preprint 2008)

For every 1 < p <∞ and ε ≥ 0, let u ∈ HW 1,p(Ω) be the weak

solution of divH

[
(ε+ |∇Hu|2)

p−2
2 ∇Hu

]
= 0, then |∇Hu| ∈ L∞loc(Ω).

Moreover for all Korànyi balls B(x0, 2r) ⊂ Ω

sup
B(x0,r)

|∇Hu| ≤ c(n, p)

(∫
B(x0,2r)

(ε+ |∇Hu|
2)

p
2 dx

) 1
p

Theorem (M. and Zhong, preprint 2016)

For every 1 < p <∞ and ε ≥ 0, let u ∈ HW 1,p(Ω) be the weak

solution of divH

[
(ε+ |∇Hu|2)

p−2
2 ∇Hu

]
= 0, then there exists a

constant α = α(n, p) ∈ (0, 1) such that |∇Hu| ∈ C 0,α
loc (Ω) and

| oscB(x0,R) Xiu| ≤ c(n, p)

(
R

R0

)α(∫
B(x0,R0)

(ε+ |∇Hu|
2)

p
2 dx

) 1
p
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Local boundedness of horizontal gradient

These pave the way for the result to be generalised in context of
the general structure condition. The following is the first result.

Theorem (Local boundedness)

If u ∈ HW 1,G (Ω) be the weak solution of equation (1) with the
given growth and ellipticity condition, then ∇Hu ∈ L∞loc(Ω,R2n)
and there exists a constant C = C (n, g0, g(1),Λ) > 0 such that
the following holds a.e.

sup
Bσr

G (|∇Hu|) ≤
C

(1− σ)

∫
Br

G (|∇Hu|) dx

for all Korànyi ball Br ⊂⊂ Ω and 0 < σ < 1.
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Equation of derivatives

We denote the structure function F(t) = g(t)/t. By appropriate
regularization, one can assume ε ≤ F(t) ≤ 1/ε for a small ε > 0
(leading to the conclusion with ε→ 0). Thus, the global gradient
bound together with the result of Capogna (97), implies

∇Hu ∈ HW 1,2
loc (Ω,R2n)∩C 0,α

loc (Ω,R2n), Tu ∈ HW 1,2
loc (Ω)∩C 0,α

loc (Ω)

This allows us to differentiate the equation divH A(∇Hu) = 0 w.r.t.
T (weakly), so that Tu is a weak solution of

divH(DA(∇Hu)∇H(Tu)) = 0.

Similarly, 1 ≤ i ≤ n, Xiu is a weak solution of

divH(DA(∇Hu)∇H(Xiu))

+ divH(∇An+i (∇Hu)Tu) + T (An+i (∇Hu)) = 0.

The extra items appear due to [Xi ,Xj ] = T δj ,n+i .
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Caccioppoli type inequalities

Using any λ ≥ 0 and η ∈ C∞0 (Ω), we choose test function in the
equations of derivatives. Choosing η2G (|Tu|)λ+1Tu in equation of
Tu and using structure condition, we obtain∫

Ω
η2G (|Tu|)λ+1F (|∇Hu|) |∇H(Tu)|2 dx

≤ c

(λ+ 1)2

∫
Ω
|∇Hη|

2G (|Tu|)λ+1F (|∇Hu|) |Tu|
2 dx

Similarly η2G (|∇Hu|)λ+1Xiu in equation of Xiu, yields∫
Ω
η2G (|∇Hu|)

λ+1F (|∇Hu|) |D
2
Hu|

2 dx

≤ c

∫
Ω

(|∇Hη|
2 + η|Tη|)G (|∇Hu|)

λ+2 dx

+ c(λ+ 1)4

∫
Ω
η2G (|∇Hu|)

λ+1F (|∇Hu|) |Tu|
2 dx
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Reverse type inequality

The choice of η2G (η)λ+1G (|Tu|)λ+1Xiu in equation of Xiu, along
with the use of integral by parts and commutation relation, we have∫

Ω
η2G (η)λ+1G (|Tu|)λ+1F (|∇Hu|) |D

2
Hu|

2 dx

≤ c λ2Kη

∫
Ω
G (η)λ+1G (|Tu|)λ+1|Tu|−2|∇Hu|

2F (|∇Hu|) |D
2
Hu|

2dx

for all λ ≥ 1, η ≥ 0 and Kη = ‖∇Hη‖2
L∞(Ω) + ‖ηTη‖L∞(Ω). The

use of Young’s inequality st ≤ Ψ(s) + Ψ∗(t) for conjugate pair
(Ψ,Ψ∗) with Ψ(s) = G (

√
s)λ+1 allows one to remove Tu from the

right. We can finally get∫
Ω
η2G (|∇Hu|)

λ+1F (|∇Hu|) |D
2
Hu|

2 dx ≤ cKη

∫
supp(η)

G (|∇Hu|)
λ+2dx

The local boundedness follows by standard Moser iteration.
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G (|∇Hu|)
λ+2dx

The local boundedness follows by standard Moser iteration.
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Hölder continuity of horizontal gradient

The techniques developed also aids to establishing a Γ1,α regularity
of weak solutions of equation (1). By virtue of local boundedness
theorem, we now denote

Mr := max
1≤i≤2n

sup
Br

|Xiu|

for every Br ⊂⊂ Ω. The next result is the following.

Theorem (Hölder continuity)

If u ∈ HW 1,G (Ω) is the weak solution of equation (1) then we have

∇Hu ∈ C
0 , β/(1+g0)
loc (Ω,R2n) for some β = β(n, g0, g(1),Λ) ∈ (0, 1).

Moreover, if BR0 ⊂⊂ Ω, then for any 0 < R < R0 we have∫
BR

G
(
|∇Hu − (∇Hu)BR

|
)
dx ≤ C (n, g0, g(1),Λ,MR0)

(
R

R0

)β
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Integrability of Tu

The main tool that is required for the proof of Hölder continuity, is
the higher integrability of the vertical derivative. This comes as a
corrollary to the horizontal estimate established before, simply with
the use of |Tu| ≤ 2|D 2

Hu|. We obtain∫
Ω
η2G (η)λ+1G (|Tu|)λ+1|Tu|2 F (|∇Hu|) dx

≤ c KηG (
√
K η)λ+1

∫
supp(η)

G (|∇Hu|)
λ+2 dx

for any λ ≥ 1, where Kη = ‖∇Hη‖2
L∞(Ω) + ‖ηTη‖L∞(Ω). Thus for

any fixed q > Q, one can choose large enough λ >> 1 such that
the function t2G (

√
t)λ+1 dominates tq/2. This makes the local

integral
∫
Br

F (|∇Hu|) |Tu|q dx to be bounded from above.
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Truncation of horizontal derivative

In order to deal with the weight F (|∇Hu|) in the estimate, we use
a double truncation of derivatives, that appears in Tolksdorff (82)
and Lieberman (86). For some fixed l ∈ {1, . . . , 2n}, we define
w := min{MR/4, (MR/2− Xlu)+}, that is

w =


MR/4 if Xlu ≤ MR/4

MR/2− Xlu if MR/4 ≤ Xlu ≤ MR/2

0 if MR/2 < Xlu

Thus we have 0 ≤ w ≤ MR/4 and {w > 0} ⊆ {Xlu ≤ MR/2 }.
Most importantly, ∇Hw vanishes outside {MR/4 ≤ Xlu ≤ MR/2 },
and F (|∇Hu|) is bounded from above and below, inside. Use of
this truncation yields a Caccioppoli type estimate where the weight
is dropped from both sides.

Shirsho Mukherjee Regularity of Quasilieaner equations in the Heisenberg Group



Introduction
Regularity Theory

Previous Results
Regularity of horizontal gradient

Truncation of horizontal derivative

In order to deal with the weight F (|∇Hu|) in the estimate, we use
a double truncation of derivatives, that appears in Tolksdorff (82)
and Lieberman (86). For some fixed l ∈ {1, . . . , 2n}, we define
w := min{MR/4, (MR/2− Xlu)+}, that is

w =


MR/4 if Xlu ≤ MR/4

MR/2− Xlu if MR/4 ≤ Xlu ≤ MR/2

0 if MR/2 < Xlu

Thus we have 0 ≤ w ≤ MR/4 and {w > 0} ⊆ {Xlu ≤ MR/2 }.
Most importantly, ∇Hw vanishes outside {MR/4 ≤ Xlu ≤ MR/2 },
and F (|∇Hu|) is bounded from above and below, inside. Use of
this truncation yields a Caccioppoli type estimate where the weight
is dropped from both sides.

Shirsho Mukherjee Regularity of Quasilieaner equations in the Heisenberg Group



Introduction
Regularity Theory

Previous Results
Regularity of horizontal gradient

Truncation of horizontal derivative

In order to deal with the weight F (|∇Hu|) in the estimate, we use
a double truncation of derivatives, that appears in Tolksdorff (82)
and Lieberman (86). For some fixed l ∈ {1, . . . , 2n}, we define
w := min{MR/4, (MR/2− Xlu)+}, that is

w =


MR/4 if Xlu ≤ MR/4

MR/2− Xlu if MR/4 ≤ Xlu ≤ MR/2

0 if MR/2 < Xlu

Thus we have 0 ≤ w ≤ MR/4 and {w > 0} ⊆ {Xlu ≤ MR/2 }.
Most importantly, ∇Hw vanishes outside {MR/4 ≤ Xlu ≤ MR/2 },
and F (|∇Hu|) is bounded from above and below, inside. Use of
this truncation yields a Caccioppoli type estimate where the weight
is dropped from both sides.

Shirsho Mukherjee Regularity of Quasilieaner equations in the Heisenberg Group



Introduction
Regularity Theory

Previous Results
Regularity of horizontal gradient

Truncation of horizontal derivative

In order to deal with the weight F (|∇Hu|) in the estimate, we use
a double truncation of derivatives, that appears in Tolksdorff (82)
and Lieberman (86). For some fixed l ∈ {1, . . . , 2n}, we define
w := min{MR/4, (MR/2− Xlu)+}, that is

w =


MR/4 if Xlu ≤ MR/4

MR/2− Xlu if MR/4 ≤ Xlu ≤ MR/2

0 if MR/2 < Xlu

Thus we have 0 ≤ w ≤ MR/4 and {w > 0} ⊆ {Xlu ≤ MR/2 }.
Most importantly, ∇Hw vanishes outside {MR/4 ≤ Xlu ≤ MR/2 },
and F (|∇Hu|) is bounded from above and below, inside. Use of
this truncation yields a Caccioppoli type estimate where the weight
is dropped from both sides.

Shirsho Mukherjee Regularity of Quasilieaner equations in the Heisenberg Group



Introduction
Regularity Theory

Previous Results
Regularity of horizontal gradient

The main lemma

We choose a standard test function ζ ∈ C∞0 (BR) with 0 ≤ ζ ≤ 1
such that ζ ≡ 1 in BR/2, |∇Hζ| ≤ 4/R and |D 2

H ζ| ≤ 16Q/R2. The
following lemma is the key result to establish Hölder continuity of
the horizontal gradient.

Lemma

Given the truncation w, for every q > Q and β ≥ 2, we have the
following Caccioppoli type estimate.∫
BR

ζβ+2wβ|∇Hw|
2dx ≤

cβ4M4
R

R2
|BR |

2
q

(∫
BR

(wζ)
q

q−2
(β−2)dx

)1− 2
q

This is clearly comparable to estimates corresponding to classical
uniformly elliptic equations and the Hölder continuity of the
horizontal gradient can be established using De Giorgi’s methods.
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THANK YOU.
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