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Regularity Theory Elliptic Equations

Properties of Heisenberg Group

o H" = RZn—i—l, X = (X17' -+, X2n, t)’y = ()/1’---,)/2n75) € H"
the group law :

10
xxy=|x1+y1,.-.--,Xn+ Yon, t +5+ E Z(Xi)/n—H - Xn+i}/i)
i=1
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Properties of Heisenberg Group

o H" = R2n+11 X = (Xl7' -+, X2n, t)7y = ()/1’---,)/2n75) € H"
the group law :

10
xxy=|x1+y1,.-.--,Xn+ Yon, t +5+ E Z(Xi)/n—H - Xn+iyi)
i=1

o For 1 < j < n, the Horizontal vector fields are given by
Xi

.
Xi 1= 0y — Z0H0c, Xapi = O+ 50n

The only non zero commutator T := 0y = X; X, — Xppi X is
called the vertical vector field.
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Properties of Heisenberg Group

o H" = R2n+11 X = (Xl7' -+, X2n, t)7y = ()/1’---,)/2n75) € H"
the group law :

10
xxy=|x1+y1,.-.--,Xn+ Yon, t +5+ E Z(Xi)/n—H - Xn+iyi)
i=1

o For 1 < j < n, the Horizontal vector fields are given by

Xpti X;
Xf = 8X,' - n2+lat ) Xn+i = aX,H_,' + Elah
The only non zero commutator T := 0y = X; X, — Xppi X is
called the vertical vector field.
o The horizontal gradient : V,u = (Xiu,..., Xo,u) and the
horizontal Hessian : D2u = (X;Xju); for u € C.
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o Carnot-Caratheodory distance : length of the shortest
horizontal curve, equivalent to the the Koranyi metric given by

1
d(x,0) = ||x|lg» = (x12 +...x3 + |t])?
and d(x,y) = d(y~! % x,0) for all x,y € H".
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o Carnot-Caratheodory distance : length of the shortest
horizontal curve, equivalent to the the Koranyi metric given by

1
d(x,0) = x|l = (6 + ... x5, +t])?

and d(x,y) = d(y~ ! x x,0) for all x,y € H".
o Hausdorff dimension of (H", d) : dimy(H") = Q := 2n + 2
w.r.t. this metric. Given any Koranyi ball B(x, r) we have

B(x,r)| = cr®
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o Carnot-Caratheodory distance : length of the shortest
horizontal curve, equivalent to the the Koranyi metric given by

1
d(x,0) = x|l = (6 + ... x5, +t])?

and d(x,y) = d(y~ ! x x,0) for all x,y € H".
o Hausdorff dimension of (H", d) : dimy(H") = Q := 2n + 2
w.r.t. this metric. Given any Koranyi ball B(x, r) we have

B(x,r)| = cr®

o Sobolev embedding : For Q C H", horizontal Sobolev spaces
are defined as HWP(Q) := {u € LP(Q) | V,u € LP(Q,R?")}.
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o Carnot-Caratheodory distance : length of the shortest
horizontal curve, equivalent to the the Koranyi metric given by

1
d(x,0) = x|l = (6 + ... x5, +t])?

and d(x,y) = d(y~ ! x x,0) for all x,y € H".
o Hausdorff dimension of (H", d) : dimy(H") = Q := 2n + 2
w.r.t. this metric. Given any Koranyi ball B(x, r) we have

B(x,r)| = cr®

o Sobolev embedding : For Q C H", horizontal Sobolev spaces
are defined as HWP(Q) := {u € LP(Q) | V,u € LP(Q,R?")}.
For all u € HWl’q(B ), there exists ¢ = c¢(n, g) > 0 such that

</ lu yoqu> w < c</ v, u]qu>1,

given any Koranyi ball B, CH" and 1 < g < Q.
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Quasilinear Equations of divergence form

Given Q CH"and A: Q xR xR?" - R?" B: Q xR x R?" - R,
we consider the following equation

— div, A(x, u, Vyu) + B(x,u,Vyu) = 0 inQ
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Quasilinear Equations of divergence form

Given Q CH"and A: Q xR xR?" - R?" B: Q xR x R?" - R,
we consider the following equation

— div, A(x, u, Vyu) + B(x,u,Vyu) = 0 inQ

Regularity of horizontal gradient can be established by standard
Morrey-Campanato type perterbation argument. Taking B = 0
without loss of generality, this involves freezing the coefficients as
A(V,u) = A(xo, u(xo), Vi u). This leads one to consider the
following Dirichlet problem
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Quasilinear Equations of divergence form

Given Q CH"and A: Q xR xR?" - R?" B: Q xR x R?" - R,
we consider the following equation

— div, A(x, u, Vyu) + B(x,u,Vyu) = 0 inQ

Regularity of horizontal gradient can be established by standard
Morrey-Campanato type perterbation argument. Taking B = 0
without loss of generality, this involves freezing the coefficients as
A(V,u) = A(xo, u(xo), Vi u). This leads one to consider the
following Dirichlet problem

— div (A(Vyu)) = 0 inQ;
u = ¢ in 0%,

for some given ¢ : Q — R. In addition, we also assume the
2n x 2n Jacobian DA(z) = (0Ai(z)/0z));j to be symmetric.
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Isotropic growth condition

Structure condition

Given g : C[0, o) satisfying g(0) = 0 and 6 < tg’(t)/g(t) < &o

€Pg(l2])/|2] < (DA(2)&,€) < AlelPe(lz])/I2]
|A(2)] < Ag(l2])

for every z,& € R?", where A > 1 and gy > 6 > 0.
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Isotropic growth condition

Structure condition

Given g : C[0, o) satisfying g(0) = 0 and 6 < tg’(t)/g(t) < &o

€Pg(l2])/|2] < (DA(2)&,€) < AlelPe(lz])/I2]
|A(2)] < Ag(l2])

for every z,& € R?", where A > 1 and gy > 6 > 0.

Taking G(t fo s) ds, the model example is the minimization
of the var|at|ona| |ntegra| I(u) = [q G(|Vul) dx, which leads to

Shirsho Mukherjee Regularity of Quasilieaner equations in the Heisenberg Group



Introduction Preliminaries
Regularity Theory Elliptic Equations

Isotropic growth condition

Structure condition

Given g : C[0, o) satisfying g(0) = 0 and 6 < tg’(t)/g(t) < &o

€Pg(l2])/|2] < (DA(2)&,€) < AlelPe(lz])/I2]
|A(2)] < Ag(l2])

for every z,& € R?", where A > 1 and gy > 6 > 0.

Taking G(t fo s) ds, the model example is the minimization
of the var|at|ona| |ntegra| I(u) = [q G(|Vul) dx, which leads to

- du, [guv | = o
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Isotropic growth condition

Structure condition

Given g : C[0, o) satisfying g(0) = 0 and 6 < tg’(t)/g(t) < &o

€Pg(l2])/|2] < (DA(2)&,€) < AlelPe(lz])/I2]
|A(2)] < Ag(l2])

for every z,& € R?", where A > 1 and gy > 6 > 0.

Taking G(t fo s) ds, the model example is the minimization
of the var|at|ona| |ntegra| I(u) = [q G(|Vul) dx, which leads to
Vyu
d \Y/ - =
. [gu ) o]

In particular, G(t) = tP clearly, imples the sub p-laplace equation.
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Existence theory

o Monotonicity and Ellipticity : (\A(z),z) > éG(|z|).
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Regularity Theory Elliptic Equations

Existence theory

o Existence of weak solution in Horizontal Orlicz-Sobolev space
HWL6(Q) = {u € LS(Q) | V,u € LE(Q,R?")}, using
variational inequalitites of Kinderlehrer-Stampachhia.

o Monotonicity and Ellipticity : (\A(z),z) > éG(|z|).
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Existence theory

o Monotonicity and Ellipticity : (\A(z),z) > éG(|z|).

o Existence of weak solution in Horizontal Orlicz-Sobolev space
HWYC(Q) = {u € L®(Q) | V,u € L°(Q,R?")}, using
variational inequalitites of Kinderlehrer-Stampachhia.

o Comparison principle : u and v respectively are weak super

and subsolution, if u > v in 02 then u > v a.e. in €.
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Existence theory

o Existence of weak solution in Horizontal Orlicz-Sobolev space
HWYC(Q) = {u € L®(Q) | V,u € L°(Q,R?")}, using
variational inequalitites of Kinderlehrer-Stampachhia.

o Comparison principle : u and v respectively are weak super
and subsolution, if u > v in 02 then u > v a.e. in €.

o Monotonicity and Ellipticity : (\A(z),z) > éG(|z|).

Theorem

Given a uniformly convex domain D C R?>"+1 and ¢ € C?(D), if
u € HWY6(D) is the weak solution of the Dirichlet problem

div, (A(V,u)) =0 in D;
u—¢ e HW, (D).

then ||Vyulli(py < M(n,e, max5(|V¢| 4 |D?¢|),diam(D)).
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Sketch of proof

The uniform convexity of the domain D, implies if v(y) is the unit
normal for every y € OD, then {x — y,v(y)) > c|x — y|? for all
x e D.
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Sketch of proof

The uniform convexity of the domain D, implies if v(y) is the unit
normal for every y € OD, then {x — y,v(y)) > c|x — y|? for all
x € D. This allows one to construct %! barrier functions

LE(x) = ¢(y) + (Vé(y) £ Kv(y),x—y)

for a fixed y € (9[2 and large enough K depending on supremum of
V| + D29 in D.
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Sketch of proof

The uniform convexity of the domain D, implies if v(y) is the unit
normal for every y € OD, then {x — y,v(y)) > c|x — y|? for all
x € D. This allows one to construct %! barrier functions

LE(x) = ¢(y) + (Vé(y) £ Kv(y),x—y)

for a fixed y € (9[2 and large enough K depending on supremum of
|V¢| + |D?@| in D. These are, in fact, solutions of equation (1), as

D21+ = owtn k()] (5, )

since the Jacobian is symmetric.
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Sketch of proof

The uniform convexity of the domain D, implies if v(y) is the unit
normal for every y € OD, then {x — y,v(y)) > c|x — y|? for all
x € D. This allows one to construct %! barrier functions

LE(x) = ¢(y) + (Vé(y) £ Kv(y),x—y)

for a fixed y € 8[2 and large enough K depending on supremum of
|V¢| + |D?@| in D. These are, in fact, solutions of equation (1), as

. 0 I,
DéLi = i[atéb(Y)iKVt(Y)] <_/n 0)

since the Jacobian is symmetric. Hence L™ (x) < u(x) < LT(x)
from comparison principle and the proof is finished by employing
the maximum principle of differential ratio by Haar-Rado.
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Introd on Previous Results
Regularity Theory Regularity of horizontal gradient

Previous Results

CL® regularity in R" :
o Ural'tseva (68), Evans (81): p-laplace equations, p > 2.

Shirsho Mukherjee Regularity of Quasilieaner equations in the Heisenberg Group



Introduction Previous Results
Regularity Theory Regularity of horizontal gradient

Previous Results

CL® regularity in R" :
o Ural'tseva (68), Evans (81): p-laplace equations, p > 2.
o DiBenedetto (82), Tolksdorf (82), Lewis (83): 1 < p < 0.

Shirsho Mukherjee Regularity of Quasilieaner equations in the Heisenberg Group



Introduction Previous Results
Regularity Theory Regularity of horizontal gradient

Previous Results

CL® regularity in R" :
o Ural'tseva (68), Evans (81): p-laplace equations, p > 2.
o DiBenedetto (82), Tolksdorf (82), Lewis (83): 1 < p < 0.
o Lieberman (93): quasilinear equations of g(t)/t - growth.

Shirsho Mukherjee Regularity of Quasilieaner equations in the Heisenberg Group



Introduction Previous Results
Regularity Theory Regularity of horizontal gradient

Previous Results

CL® regularity in R" :
o Ural'tseva (68), Evans (81): p-laplace equations, p > 2.
o DiBenedetto (82), Tolksdorf (82), Lewis (83): 1 < p < 0.
o Lieberman (93): quasilinear equations of g(t)/t - growth.
Regularity in H" :
o Hoérmander (67): Sub-Laplace equation.

Shirsho Mukherjee Regularity of Quasilieaner equations in the Heisenberg Group



Introduction Previous Results
Regularity Theory Regularity of horizontal gradient

Previous Results

CL® regularity in R" :
o Ural'tseva (68), Evans (81): p-laplace equations, p > 2.
o DiBenedetto (82), Tolksdorf (82), Lewis (83): 1 < p < 0.
o Lieberman (93): quasilinear equations of g(t)/t - growth.
Regularity in H" :
o Hoérmander (67): Sub-Laplace equation.
o Capogna (97, 99): Uniformly sub-elliptic equation.

Shirsho Mukherjee Regularity of Quasilieaner equations in the Heisenberg Group



Introduction Previous Results
Regularity Theory Regularity of horizontal gradient

Previous Results

CL® regularity in R" :
o Ural'tseva (68), Evans (81): p-laplace equations, p > 2.
o DiBenedetto (82), Tolksdorf (82), Lewis (83): 1 < p < 0.
o Lieberman (93): quasilinear equations of g(t)/t - growth.
Regularity in H" :
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o Capogna (97, 99): Uniformly sub-elliptic equation.

o Capogna, Danielli and Garofalo (93): Sub p-laplace eugations,
CO regularity w.r.t. dec.
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Previous Results

CL® regularity in R" :
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©

Hormander (67): Sub-Laplace equation.

©

Capogna (97, 99): Uniformly sub-elliptic equation.
Capogna, Danielli and Garofalo (93): Sub p-laplace eugations,
CO regularity w.r.t. dec.

Zhong (preprint 08): Sub p-laplace euqgations, C%! w.r.t. d..
for 1 < p < 0o, C%% of horizontal gradient for p > 2.

©

©
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Introduction Previous Results
Regularity Theory Regularity of horizontal gradient

Theorem (Zhong, preprint 2008)

For every 1 < p < co and e > 0, let u € HWYP(Q) be the weak
p=2

solution of div, [(c + |V,u?)"Z V,u] = 0, then |V,u| € L.(Q).
Moreover for all Koranyi balls B(xg,2r) C Q

1
wp [Vl < cnp)( e+ TR ox)’
B(x0,2r)

B(xo,r)
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Regularity Theory Regularity of horizontal gradient

Theorem (Zhong, preprint 2008)

For every 1 < p < co and e > 0, let u € HWYP(Q) be the weak

solution of div, (¢ + ]VHu\z)p%z u| = 0, then |V,u| € L(Q).
Moreover for all Koranyi balls B(xo, 2r) c Q

1
wp [Vl < cnp)( e+ TR ox)’
B(x0,2r)

B(xo,r)

Theorem (M. and Zhong, preprint 2016)

Foreveryl < p < oo ande >0, let u € HWYP(Q) be the weak
solution of div, (¢ + |VHu|2)pT4VH u| = 0, then there exists a
constant o = a(n, p) € (0, 1) such that |V, u| € Cc2*(Q) and

loc

R\“ P
| 0sCB(xy,R) Xitl| < c(n, p) <Ro ( )(8 + |V, ul?)2 dx
B(xo,Ro
>
Regularity of Quasilieaner equations in the Heisenberg Group
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Introduction Previous Results
Regularity Theory Regularity of horizontal gradient

Local boundedness of horizontal gradient

These pave the way for the result to be generalised in context of
the general structure condition. The following is the first result.
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Regularity Theory Regularity of horizontal gradient

Local boundedness of horizontal gradient

These pave the way for the result to be generalised in context of
the general structure condition. The following is the first result.

Theorem (Local boundedness)

If u € HWY6(Q) be the weak solution of equation (1) with the
given growth and ellipticity condition, then V,u € L3 (Q,RR")

and there exists a constant C = C(n, go, g(1),\) > 0 such that
the following holds a.e.

C
<
sup G(|Vyul) < i=0)

for all Koranyi ball B, CC Q and 0 < o < 1.

]é, G(IV, ul) dx
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Introduction Previous Results
Regularity Theory Regularity of horizontal gradient

Equation of derivatives

We denote the structure function F(t) = g(t)/t. By appropriate
regularization, one can assume ¢ < F(t) < 1/e for a small e >0
(leading to the conclusion with ¢ — 0).
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Regularity Theory Regularity of horizontal gradient

Equation of derivatives

We denote the structure function F(t) = g(t)/t. By appropriate
regularization, one can assume ¢ < F(t) < 1/e for a small e >0
(leading to the conclusion with e — 0). Thus, the global gradient
bound together with the result of Capogna (97), implies

V,u € HWU2(QR2) N CE(Q,R?"), Tu e HWL2(Q)N CY2(Q)

loc loc
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Regularity Theory Regularity of horizontal gradient

Equation of derivatives

We denote the structure function F(t) = g(t)/t. By appropriate
regularization, one can assume ¢ < F(t) < 1/e for a small e >0
(leading to the conclusion with e — 0). Thus, the global gradient
bound together with the result of Capogna (97), implies

V.u € HW22(Q, R N CR(Q,R?M), Tue HWL(Q)N C2Y(Q)

loc loc loc loc

This allows us to differentiate the equation div, A(V,u) = 0 w.r.t.
T (weakly), so that Tu is a weak solution of

divy, (DA(V,u)Vy(Tu)) = 0.
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Equation of derivatives

We denote the structure function F(t) = g(t)/t. By appropriate
regularization, one can assume ¢ < F(t) < 1/e for a small e >0
(leading to the conclusion with e — 0). Thus, the global gradient
bound together with the result of Capogna (97), implies

V.u € HW22(Q, R N CR(Q,R?M), Tue HWL(Q)N C2Y(Q)

loc loc loc loc

This allows us to differentiate the equation div, A(V,u) = 0 w.r.t.
T (weakly), so that Tu is a weak solution of

divy, (DA(V,u)Vy(Tu)) = 0.
Similarly, 1 < i < n, Xju is a weak solution of
div,,(DA(V, 1)V, (Xiu))
+ div, (VA i(Veu) Tu) + T(Apti(V,eu)) = 0.
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bound together with the result of Capogna (97), implies

V.u € HW22(Q, R N CR(Q,R?M), Tue HWL(Q)N C2Y(Q)

loc loc loc loc

This allows us to differentiate the equation div, A(V,u) = 0 w.r.t.
T (weakly), so that Tu is a weak solution of

divy, (DA(V,u)Vy(Tu)) = 0.
Similarly, 1 < i < n, Xju is a weak solution of
div,,(DA(V, 1)V, (Xiu))
+ div, (VA i(Veu) Tu) + T(Apti(V,eu)) = 0.

The extra items appear due to [Xi, Xj] = T6j p4i.
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Caccioppoli type inequalities

Using any A > 0 and 1 € C§°(£2), we choose test function in the
equations of derivatives.
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Caccioppoli type inequalities

Using any A > 0 and 1 € C§°(£2), we choose test function in the
equations of derivatives. Choosing 1?G (| Tu|)**! Tu in equation of
Tu and using structure condition, we obtain

/anGﬂ TU’)A+1F (|VHu|) |VH(TU)|2 dx

L 2 A+1 2
S ()\_‘_1)2/Q|VH77| G(|Tul)*™F (|Vyul) | Tu|* dx
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Caccioppoli type inequalities

Using any A > 0 and 1 € C§°(£2), we choose test function in the
equations of derivatives. Choosing 1?G (| Tu|)**! Tu in equation of
Tu and using structure condition, we obtain

/anGﬂ TU’)A+1F (|VHu|) |VH(TU)|2 dx

L 2 A+1 2
S ()\_‘_1)2/Q|VH77| G(|Tul)*™F (|Vyul) | Tu|* dx

Similarly 7% G(|V,u[)*** X;u in equation of X;u, yields

/Q 12 G|V, ulHIF (¥, u]) | D 2ul? dx
< ¢ /Q (N, + 1l Tal) G(IV, ul)+ dx

+ O+ 1* [ PGVl F ((Vau) | Tuf? b
JQ
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Reverse type inequality

The choice of 7?G(n) 1 G(| Tu|)* 1 X;u in equation of X;u, along
with the use of integral by parts and commutation relation, we have

/Q 2G(n) G (| Tul)*1F (|V,u]) | D 2ul? dx
< cXK, / GG (| Tul) ™| Tu| 2|V, ulPF (|V,u]) | D 2u[2dx
Q

forall A\>1, n>0and K, = HVHanOO(Q) + Tl (0)-
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Reverse type inequality

The choice of 7?G(n) 1 G(| Tu|)* 1 X;u in equation of X;u, along
with the use of integral by parts and commutation relation, we have

PG T E (19, ) D20l b
< cAan/ GG (| Tu[ )M Tu| 2| Vyul*F (| ul) | D Jul?dx
Q
forall A\>1, n>0and K, = HVH’anOO(Q) + 11Tl Lo (- The
use of Young's inequality st < W(s) + W*(t) for conjugate pair

(W, W*) with W(s) = G(,/s)** allows one to remove Tu from the
right.
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Reverse type inequality

The choice of 7?G(n) 1 G(| Tu|)* 1 X;u in equation of X;u, along
with the use of integral by parts and commutation relation, we have

PG T E (19, ) D20l b
< cAan/ GG (| Tu[ )M Tu| 2| Vyul*F (| ul) | D Jul?dx
Q
forall A\>1, n>0and K, = HVH’anOO(Q) + 11Tl Lo (- The
use of Young's inequality st < W(s) + W*(t) for conjugate pair

(W, W*) with W(s) = G(,/s)** allows one to remove Tu from the
right. We can finally get

/9772G(]VHU\)’\+1F(|VHU)\DH2U|2dX < CK,]/ ()G(\V[_Iu|)/\+2dx
supp(n
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Reverse type inequality

The choice of 7?G(n) 1 G(| Tu|)* 1 X;u in equation of X;u, along
with the use of integral by parts and commutation relation, we have

/Q 2G(n) G (| Tul)*1F (|V,u]) | D 2ul? dx
< cXK, / GG (| Tul) ™| Tu| 2|V, ulPF (|V,u]) | D 2u[2dx
Q

forall A\>1, n>0and K, = HVHanOO(Q) + 11Tl Lo (- The
use of Young's inequality st < W(s) + W*(t) for conjugate pair
(W, W*) with W(s) = G(,/s)** allows one to remove Tu from the
right. We can finally get

/9772G(]VHU\)’\+1F(|VHU)\DH2U|2dX < CK,]/ ()G(\V[_ju|)/\+2dx
supp(n

The local boundedness follows by standard Moser iteration.
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Holder continuity of horizontal gradient

The techniques developed also aids to establishing a '@ regularity
of weak solutions of equation (1). By virtue of local boundedness
theorem, we now denote

M, := max sup|Xju|
1<i<2n g,

for every B, CC Q.
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Holder continuity of horizontal gradient

The techniques developed also aids to establishing a '@ regularity
of weak solutions of equation (1). By virtue of local boundedness
theorem, we now denote

M, := max sup|Xju|
1<i<2n g

for every B, CC 2. The next result is the following.

Theorem (Holder continuity)

If u € HWYC(Q) is the weak solution of equation (1) then we have
Vyu € C,gc’ﬁ/(Hgo)(Q,Rz") for some 5 = ((n, go,g(1),\) € (0,1).

Moreover, if Bg, CC Q, then for any 0 < R < Ry we have

R

. 6(Vuu— (Vulael) b < Clrn.08(1)A MR)(—)B
5 H H R = » 805 7 (N 0 Ro
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Integrability of Tu

The main tool that is required for the proof of Holder continuity, is
the higher integrability of the vertical derivative. This comes as a
corrollary to the horizontal estimate established before, simply with
the use of | Tu| < 2|D2ul.
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Integrability of Tu

The main tool that is required for the proof of Holder continuity, is
the higher integrability of the vertical derivative. This comes as a
corrollary to the horizontal estimate established before, simply with
the use of | Tu| < 2|D?2u|. We obtain

/Q 72 G G| Tul | Tul2 F (|V, u) dx

< cKnG(\/Rn))‘“/ G(|V, )M dx
supp(n)

for any A > 1, where K, = ||VH77H200(Q) + 10Tl Lo ()
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Integrability of Tu

The main tool that is required for the proof of Holder continuity, is
the higher integrability of the vertical derivative. This comes as a
corrollary to the horizontal estimate established before, simply with
the use of | Tu| < 2|D?2u|. We obtain

/Q 72 G G| Tul | Tul2 F (|V, u) dx
< ¢ KnG(\/Rn)”l/ G(|V, )M dx
supp(n)

for any A > 1, where K, = ||VH77H2OO + |7 Tnl| Lo (). Thus for
any fixed g > @, one can choose Iarge enough A>>1 such that
the function t2G(y/t)**! dominates t9/2. This makes the local
integral fB (|V,ul) | Tu|9 dx to be bounded from above.
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Truncation of horizontal derivative

In order to deal with the weight F (|V,u|) in the estimate, we use
a double truncation of derivatives, that appears in Tolksdorff (82)
and Lieberman (86). For some fixed / € {1,...,2n}, we define

w = min{Mg/4,(Mg/2 — Xju)*},
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Truncation of horizontal derivative

In order to deal with the weight F (|V,u|) in the estimate, we use
a double truncation of derivatives, that appears in Tolksdorff (82)
and Lieberman (86). For some fixed / € {1,...,2n}, we define

W = min{Mg/4,(Mgr/2 — Xju)"}, that is

Mg /4 if Xju < Mg/4
W = MR/2—X/LI if MR/4 < X/U < MR/2
0 it Mg/2 < Xu
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Truncation of horizontal derivative

In order to deal with the weight F (|V,u|) in the estimate, we use
a double truncation of derivatives, that appears in Tolksdorff (82)
and Lieberman (86). For some fixed / € {1,...,2n}, we define

W = min{Mg/4,(Mgr/2 — Xju)"}, that is

Mg /4 if Xju < Mg/4
W = MR/2—X/LI if MR/4 < X/U < MR/2
0 it Mg/2 < Xu

Thus we have 0 <w < Mgr/4 and {w >0} C { Xju < Mg/2}.
Most importantly, V, W vanishes outside { Mr/4 < Xju < Mg /2 },
and F (|V, u|) is bounded from above and below, inside.
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Truncation of horizontal derivative

In order to deal with the weight F (|V,u|) in the estimate, we use
a double truncation of derivatives, that appears in Tolksdorff (82)
and Lieberman (86). For some fixed / € {1,...,2n}, we define

W = min{Mg/4,(Mgr/2 — Xju)"}, that is

Mg /4 if Xju < Mg/4
W = MR/2—X/LI if MR/4 < X/U < MR/2
0 it Mg/2 < Xu

Thus we have 0 <w < Mgr/4 and {w >0} C { Xju < Mg/2}.
Most importantly, V, W vanishes outside { Mr/4 < Xju < Mg /2 },
and F (|V, u|) is bounded from above and below, inside. Use of
this truncation yields a Caccioppoli type estimate where the weight
is dropped from both sides.
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The main lemma

We choose a standard test function ¢ € C3°(Bg) with 0 < ( <1
such that ( =1 in Bga, |Vy(| < 4/R and ]D;Q <16Q/R>.
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The main lemma

We choose a standard test function ¢ € C3°(Bg) with 0 < ( <1
such that { =1 in Bgya, |V,(¢| < 4/R and |[D2¢| < 16Q/R?. The
following lemma is the key result to establish Holder continuity of
the horizontal gradient.

Lemma

Given the truncation W, for every q > Q and 3 > 2, we have the
following Caccioppoli type estimate.

cBME 2 4 _(g_ 1_%
v wiax < R Belt ([ (o Do)

4
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The main lemma

We choose a standard test function ¢ € C3°(Bg) with 0 < ( <1
such that { =1 in Bgya, |V,(¢| < 4/R and |[D2¢| < 16Q/R?. The
following lemma is the key result to establish Holder continuity of
the horizontal gradient.

Lemma

Given the truncation W, for every q > Q and 3 > 2, we have the
following Caccioppoli type estimate.

cBMA 2 q
CB+2WB|VHW|2C]X S TR|BR|‘7 </

Br

(w072 ax)

Br

This is clearly comparable to estimates corresponding to classical
uniformly elliptic equations and the Hdlder continuity of the
horizontal gradient can be established using De Giorgi's methods.
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THANK YOU.

irsho Mukherjee Regularity of Quasilieaner equations in the Heisenberg Group



	Introduction
	Preliminaries
	Elliptic Equations

	Regularity Theory
	Previous Results
	Regularity of horizontal gradient


